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Abstract. We formulate problems of generative learning and recognitiithout learning in a common framework of
complex hypothesis testing. Based on arguments from orii#iia optimization, we identify strategies that are iroper

for solving these problems and derive a common form of theirdng strategies. We show that some widely used
approaches to recognition and learning are improper in thénse. We then propose a generalized formulation of the
recognition and learning problem which embraces the whalege of sizes of the learning sample, including the zero
size. Learning becomes a special case of recognition witleaming. We define the concept of nearly optimal Bayesian
strategy, being a solution to the formulated problem. Oresz\llustrative cases, the strategy is shown to be supédo

the widely used learning methods based on maximal liketilesdimation.
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1 Complex object recognition

Definition 1. The tuple<X, Y,0,p: X xXY x0O — R) is called a complex object wheP€ is the finite set of observable

signals,Y is the finite set of hidden state, is the finite set of modelg(z, y; 0) is the probability of the pair (signal,
state) depending on the model. O

Recognition means making a reasonable decision aboutddemistate based on the observed signal without knowing
the model. It is formalised in the following way.

Definition 2. The functiong : Y x X — R is called a recognition strategy and defines a conditior@gility ¢(y|z)
of making a decision that the object is in stgtehen observing signal. O

The loss of making one decision or another is defined by a losgtibnw : Y x Y — R and defines the losas(y, y’) of
making the decision that the object statg’isvhile the true object state is Let () be the set of all recognition strategies.
The mathematical expectation of the loss for some strajegy) on the modeb € © is called the riskR(q, 6),

R(g,0)=> Y > a/|2)ply,z;0) w(y, y). (1)

rzeX y' €Y yey
Though the risk is represented [§| numbers, not by one number, some strategies are obvious$ewlman any other.

Definition 3. A strategyg" is called improper if a strategy exists such that the inequalify(¢°, 8) > R(q¢’, ) holds for
every modeb € ©. O

We want to exclude all improper strategies from considenaséind derive the common form of all other strategies.
Such a dichotomy is possible due to the known result in nwwiteria optimization [3, Theorem 3.5]. Let © — R be
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a function, called the weight function, satisfyingd) > 0 for everyd € © and)_, o 7(¢) = 1. Let the set of such
functions be denoted L¥.

Definition 4. The strategy

is called Bayesian with respect to the weight functior strategyy is called Bayesian if a weight functiane T' exists
with respect to which the strategyis Bayesian. O

The concept of Bayesian strategies allows to partition ¢hefall strategies into the set of improper strategies had t
set of all other ones. This dichotomy is given by the follogitheorem, which states that every strategy is either Bagesi
or improper.

Theorem 1. For every strategy € Q, either a weight function* € T exists such that

¢" = argmin Y _ 7*(0)R(q,0) 2)
€CQ yeco

or a strategyg™* exists such that the inequality
R(q",0) < R(¢",0) ®3)

holds for every € ©. These two properties of strategies are incompatible. O

Now it is obvious that any reasonable strategy for complgeailyecognition has to minimize the weighted sum of
risks

for some weights (#). Therefore, it has to make the decision of the type
y* =argmin » [ > 7(Op(x,y; 9)} w(y,y') (4)
y'ey yeY -0€0

for observation.

2 Minimax and nearly optimal strategies

We excluded from consideration all obviously bad stratggwhich left us only with Bayesian strategies. Deciding
what particular strategy to choose from the set of all Bayestrategies depends on the requirements on the strategy.
Perhaps, the most popular requirement is the so-calledmaiiequirement [4]. For given sels, Y, © and probabilities
p(z,y;0),x € X,y €Y, 60 € O, the strategy: Y x X — R has to be found that minimizessubject to the conditions

R(q,0) <¢, 0€0O. (5)

In other words, the strategy
= i R(q,0 6
¢ = argminmax (¢,0) (6)

is called a minimax strategy. This strategy is clearly Beyeand looks reasonable. Minimax strategies are fruytfull
used in the theory and practice of recognition without leayii2, 8]. However, the minimax requirement is not the only
possible meaningful one. In multi-criteria decision makjf] other reasonable requirement is used that differs fitzam
minimax one.

It is obvious that for any modé no strategy can have the risk lower that{g R(q,0). The strategy* with the risks
qe
R(q*,0) = Hliclgl R(q,0), 0 € ©, will be called an optimal strategy. Let us define the stratbgy aims to be as close to
q¢c

the optimal strategy as possible in the following way. FergisetsX, Y, © and probabilities(z,y;0),z € X,y €Y,
0 € O, the strategy;: Y x X — R has to be found that minimizessubject to the conditions

R(q,0) —min R(q,0) <¢, 0€0O. (7)
qeQ
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Definition 5. The strategy

Y= i R(q,0) — min R(q, 0 8
q %gm@%(@) min R(q,0))] (8)
is called a nearly optimal Bayesian strategy or simply algegtimal strategy. O

The minimax approach (5) and the nearly optimal one (7) tésulifferent strategies. If our task is only recognition
without learning, we have no means to decide which of theseaproaches is better. However, the situation becomes
different when the approaches are applied to learning. Thenmns out that minimax strategies are not suitable for
recognition learning at all. They simply ignore the leagndample. This defect is considered in details in the netimsec
and we show that nearly optimal strategies are free of tHictle

3 Generative learning as a special case of complex object mgnition

As in the previous sections, we consider complex objecfinef by setsX, Y, © and probabilite®(x, y;0), x € X,

y € Y, 0 € ©. Recognition learning arises if an additional informatigncalled learning information, is available,
taking values from a given sef. The learning informationr is random and depends on the modet ©, so that the
probabilityp(z; ) is defined for every € Z andf € ©. Itis crucial that for a fixed modé), the learning information
depends neither on the current stateor on the current signal of the object under recognition, so that, z, y; 0) =
p(z;0) p(z,y; 6). The learning procedure observes the learning informati@nd constructs a recognition strategy.

In case of supervised learning, the learning informationay be a sequende, y1; 2, y2; - .- Tn,Yn), Z = (X X
Y™, and

n
p(z,b’) = p(xlay17x27y2a .. axnaynve) = Hp(xzaywe)
i=1

Learning information may be a sequerieg, z», ...z, ), Z = X™ in case of unsupervised learning and

n

p(2;0) = p(x1,x2,...,2,;0) = Hp(xi;e).

i=1

Definition 6. A learning procedure: Z — @ is a function that for any learning informatienc Z defines a recognition
strategyy(z) € Q. O

This means that after learning with a random informati@amd observing a signal the decision "the object is in stai&’

is made with probabilityy(z)(y’ | «). Recognition learning is defined as finding a learning praceg: Z — Q from
given setsX, Y, ©, Z and probabilitiep(z, y; #) andp(z; #). Recall that complex object recognition without learnigg i
defined as finding a recognition strategyy” x X — R, ¢ € @, from given setsX, Y, © and probabilitie(x, y; 9).
When treating the problems this way, one can see that retimgiéearning does not differ from recognition with no
learning. Indeedfinding the learning procedurg: Z — @ for given setsX, Y, ©, Z and probabilitiesp(z, y; #) and
p(z; 0) does not differ from finding the recognition strategyY x X’ — R for given setsX’, Y, © and probabilities
p'(2',y;0). The former is reduced to the latter by defining

X'=7Zx X,
P y;0) = p(2:0) p(z, y; 0),
q(y'2') =d' Y|z 2) = 9(2)(y | 2).
Thus, the recognition learning is a special case of compigsad recognition without learning. In this special case, t
data available for recognition consist of two parts. Thé fiest (observed signal) depends both on the hidden obpet st

and on the unknown model. The second part (learning dategttlirdepends on the model and does not depend on the
state when the model is fixed.

Theorem 1, proved in the general form, remains valid forrey procedures. Then it has the following form. As
before,R(q, 8) is the risk of recognition strategye @ with respect to model € ©. The numbeR(g(z), 0) is the risk of
the strategy)(z), obtained by applying learning procedyreZ — @ to learning informationr € Z. The riskR(g(z), 0)
is random because it depends on the random informatidret R (g, ) denote the expectation of the risk over the set
of all learning informations,

Ra(g,0) = Y p(z0)R(g(2),0). ©)

2€Z
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Definition 7. A learning procedure* is called Bayesian if a weight functian © — R exists such that

9co
O

Now the restriction of Theorem 1 to learning proceduresseefollows.

Theorem 2. For every learning procedurg’ € G, either a weight functiom* € T exists such that

¢° = argmin Z T*(0)Rc(g,9)
9€C¢ yeo
or a learning procedurg* exists such that for every modek © the inequality
RG(g*v 9) < R(goa 0)
holds. These two properties of learning procedures arerimzatible. O

The theorem says that every learning procedure is eithee€ay or improper. In the special case when a sample
(x1,91;22,y2; - - - Tn, Yn) IS @ learning information and a signaj is observed, the decisiqyf about the current object
state has to be

y* =argmin > Y 7(0) - [] plai v::0) - w(yo,y) (10)
VEY ey beo i=0

for some weights(9), 6 € ©. Strategies that are commonly used in pattern recogniteother form. Most widely
known is the method based on maximum likelihood estimat®8]. According to this method, the model

M- = argmax [ [ p(i,i;0) (12)
oe® 17

is found and then for an observed sigmahe decision

yM = argmin > p(a, y; M) - w(y, y) (12)
vEY oy

is made, as if the maximum likelihood model was identicalite true one. In generalhe strategy (11, 12) differs
from (10) and thus it is improper in the exactly defined meguifithe word.

We restrict our further considerations to Bayesian lea@rpirocedures, focusing in particular on the minimax proce-
dure

minmax _ arggenéin Ieneaé( Re(g,9) (13)

and the nearly optimal procedure
nearopt — aremin max|[Rg (g, ) — min R(q, 6)]. 14
9 fgecmeeg[ a(9,0) —min R(q, 0)] (14)

Both strategies belong to the Bayesian class and there isasmn to exclude them from recognition without learning.
However, minimax strategies have a fundamental drawbatkiley sometimes do not make use of a learning sample, no
matter how large. For a rather wide class of complex objdatsminimax learning procedure simply ignores the learning
sample.

Theorem 3. Let for setsX, Y, © and probabilitiesp(z, y;0), r € X,y € Y, 6 € ©, a modeld* exist such that the
strategy

q* = argmin R(q, 0") (15)
q€Q
satisfies the inequality system
R(¢*,0%) > R(¢*,0), 0€0O. (16)
Then any se¥, any probabilitiesp(z;0), z € Z, 6 € ©, and any learning procedurg Z — @ satisfy the inequality
> *,0).
max Re(g,0) > max R(q", 0) 7)
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O

The theorem shows that there are complex objects for wheéchthimax approach is particularly inappropriate. Inequal
ity (17) states that any learning procedure, however sdjgaited, is useless from the minimax point of view. They aann
yield a recognition strategy that would be better than sotreegy that does not use the learning sample at all.

Theorem 3 is a strong negative result and makes minimaxitepuseless in most cases. As shown by the following
theorem similar to Theorem 3, nearly optimal learning pduces are also useless for a certain class of complex objects

Theorem 4. Let for setsX, Y, © and probabilitiesp(z,y;0), z € X,y € Y, 6§ € © a modeld* exists such that the
strategy

q¢" = argmin[R(q,0") — min R(q,0")] (18)
qeQ q€Q
satisfies the inequality system
R(¢*,0") —min R(q,0") > R(¢*,0) —min R(q,0), 6 € 6. (29)
q€eQ q€Q

Then any se¥, any probabilitiesp(z; ), z € Z, 6 € ©, and any learning procedurg Z — (@ satisfy the inequality

- - C o .
max[Rc(g,0) — min R(g, 0)] > max[R(q", 0) — min R(g, 0)]

O

However, the consequences of this theorem for nearly opteaening are not so destructive as those of Theorem 3
for minimax learning. In fact, conditions (18) and (19) impthat an optimal Bayesian strategy exists for the recoghize
object, namely the strategy . In this case, not only nearly optimal or minimax learningigeless. Any other learning
approach is also useless because no recognition stratedpedzetter thap*.

Conditions (18, 19) fully characterize the set of modelsifbich nearly optimal learning is useless. For any complex
model, either an optimal Bayesian strategy exists or aegtyadbtained with nearly optimal learning converges toropti
Bayesian strategy in the sense of the following theorem.

Theorem 5. Let the learning procedurg’: (X x V)" — @ be defined by

* = argmin max[Rg(g,0) — min R(q, 0)].
I rggeGmeeg[ c(g,0) — min R(g, 0)]
Then
lim max[Rga(g,,0) —néicrglR(q,H)] =0. (20)
q

n—oo €O

O

In such way the concept of nearly optimal learning formaliaar requirements on learning procedures. It embraces the
whole range of sample sizes, including the zero size. If¢berling sample is long enough, the ridks(g, ) approach

the best possible risksain,cg R(g,#). This property is shared by other commonly used learningguares, such as
those based on maximal likelihood estimates. But besidats We require that the difference betweRBg (g, 8) and
mingeq R(g,0) is as small as possible for every, even a very small, sizesdleirning sample.

4 Examples

We compare the nearly optimal learning procedgftevith the maximum likelihood learning proceduge and with an-
other learning procedukg (to be defined later) on several simplest examples. Neves$eccording to the formal defi-
nition they are already complex but the nearly optimal Bayekarning procedures for them can be implemented almost
exactly. Even for such simple complex objects, the minineaxring procedurgg®inmax — argmin, maxy Rg(g,0) are
inappropriate because they ignore the learning sample.

To use the technique with a continuous model@gthe set was discretized. In all the examples, we have R,
Y = {1, 2}, and the probability density distributigrix, y; §) has the form

pla,y;0) = p, - (V2m) "L em @)’

with some unknown parameters specified later.
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Example 1. [6] Let 41 = 1, uo = (—1), and only the a priori probabilitigs,, y € {1,2}, be unknown. Thus, the
set of models i® = {6 | 0 < § < 1} and the a priori probabilities, of the states arg; = 6, po = 1 — 0. Thisis the
example used by H.Robbins [5] to explain his idea of empliBegyesian approach. We simplify the example even further
by assuming that the learning information is not a signal@eitx, =2, . . ., z,,) but a state sampley, y2, - - ., yn).

Figure 1 shows how the risk8(g', ) and R¢(¢°, #) depend on the modélfor the sample sizes = 1,2, 4.

It is striking how high the riskRRc(g', 0) is for some models. Of course, one cannot expect the risk todméw
because the learning samples are very small and thus thay littie information about the true model. Nevertheless,
however small the amount of information, it is non-zero arshould be used to improve subsequent recognition, at least
to some extent. But the example shows that it is much bettemtore this information than to use it with maximum
likelihood learning. The example illustrates quite traargmtly the main drawback of maximum likelihood learnihg.

05
04
04 b
\
N
“ 91
\
03 \ 03
91
02 fF----4----oooo-ogde=zIIIIC \:g\o 02 N
B O _ 90
Y
01 \ 01
§ ;
Vs ‘\: ya
I\ J 3
\ 7
!
0 o
0 02 04 06 08 1 0 02 04 06 08 1
gl 90 gl 90
05
04 |
03 |
,,,,,,,,,,,,,,,, Yo
0.2 T/
<90
b
7 5,
\,
P \
7
o .
0 02 0.4 06 08 1
gl 90
n=4

Fig. 1. EXAMPLE 1. The dependency d&;(g°, 8) and Rg (g, #) on 6 for sample sizes
n = 1,2, 4. The solid curve shows riskin,cg R(g, 9).

Example 2. For the same complex object as in Example 1, let the learnfiogmation be a sequen¢e; , zo, . . ., z,,)
rather than(y,, y2, . . ., ¥ ). This is exactly the case considered by H.Robbins [5]. TéleRi;(g°, #) of nearly optimal
learning is compared with the risR; (g*, 6) of maximum likelihood learning. Even for this simple comptibject, it is
not easy to find the maximum likelihood model

6, = argmaleog {6‘ cema@imD? 4 (1-9)- e_%(mﬁl)z]
22—

Therefore, we also consider the heuristic procedure by bbRis, which is denoted ky?. The procedure is not based on

the maximum likelihood estimai#® but on the consistent estimadge = % Sa + % which can be easily calculated.
=1

56



International Conference in Inductive Modelling ICIM' 2013

Figure 2 shows how the riskgc(¢°, 6), Ra(g', 0) andR¢ (g2, 6) depend on the modélfor the sample sizes = 1,2, 4.
O

=gl ----g2 -- g0 —=gl ----g2 -- g0

Fig. 2. EXAMPLE 2. The dependency @t (¢°,6), Ra(g,0), Ra(g?,0) ond for sample
sizesn = 1, 2,4. The solid curve shows the risking,cq R(q, 6).

Example 3. Here we have the same object as in the previous example bilgah@ng information is more com-
plicated. Itis a sequende, zo,...,xz,) Of signals generated by the object with unknown states. iBhise case of
unsupervised learning [7]. Normally the so-called EM aitijons are used [1]. In this case, the maximum likelihood
estimate

01 = argmaxz log [efémf + e*%(zife)z}
vee
is not easy to find. Therefore, besides the maximum likelihestimate we also consider the consistent estifiate
% >~ x; along with the corresponding learning procedyfe Figure 3 shows how the riskBq(¢°, 6), Ra(gt,6),
=1
Ra(9?,0) depend on the modélfor the sample sizes = 1,2,4. One can see that neither of the maximal likelihood
procedureg! and the heuristic procedur@ dominates the other. However, the nearly optimal procegigominates
bothg! andg?, especially for small sample sizes. We have not observedignificant difference between the compared
procedures for the learning sample sizes larger than 10.

A case of an empty learning samgle = 0) is of a particular interest. In this case the maximum-liketid learning
problem cannot be even formulated because any model estimateaningless when empirical data are absent. The
minimax requirement to recognition strategy may be forynathted but it may result in a strategy that makes wrong
decision with probability 0.5 for each true model. As for igaptimal requirement, it can be formulated for this cas® t
and results in a quite reasonable strategy. Figure 3 showsteorisk R (g°, #) depends o when the learning sample
is absent at all.

O
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n=2 n=4

Fig. 3. EXAMPLE 3. Dependency of the riskBz(¢°, 6), Ra(g',0), Ra(g?,60) on the
modeld for sample sizea = 0, 1, 2, 4. The solid curve shows the riskingcg R(q, 8).
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