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Abstract. We formulate problems of generative learning and recognition without learning in a common framework of
complex hypothesis testing. Based on arguments from multi-criteria optimization, we identify strategies that are improper
for solving these problems and derive a common form of the remaining strategies. We show that some widely used
approaches to recognition and learning are improper in thissense. We then propose a generalized formulation of the
recognition and learning problem which embraces the whole range of sizes of the learning sample, including the zero
size. Learning becomes a special case of recognition without learning. We define the concept of nearly optimal Bayesian
strategy, being a solution to the formulated problem. On several illustrative cases, the strategy is shown to be superior to
the widely used learning methods based on maximal likelihood estimation.
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1 Complex object recognition

Definition 1. The tuple
〈

X,Y,Θ, p : X×Y ×Θ → R

〉

is called a complex object whereX is the finite set of observable

signals,Y is the finite set of hidden states,Θ is the finite set of models,p(x, y; θ) is the probability of the pair (signal,
state) depending on the model.

Recognition means making a reasonable decision about the hidden state based on the observed signal without knowing
the model. It is formalised in the following way.

Definition 2. The functionq : Y ×X → R is called a recognition strategy and defines a conditional probabilityq(y|x)
of making a decision that the object is in statey when observing signalx.

The loss of making one decision or another is defined by a loss functionw : Y × Y → R and defines the lossw(y, y′) of
making the decision that the object state isy′ while the true object state isy. LetQ be the set of all recognition strategies.
The mathematical expectation of the loss for some strategyq ∈ Q on the modelθ ∈ Θ is called the riskR(q, θ),

R(q, θ) =
∑

x∈X

∑

y′∈Y

∑

y∈Y

q(y′ |x) p(y, x; θ)w(y, y′). (1)

Though the risk is represented by|Θ| numbers, not by one number, some strategies are obviously worse than any other.

Definition 3. A strategyq0 is called improper if a strategyq′ exists such that the inequalityR(q0, θ) > R(q′, θ) holds for
every modelθ ∈ Θ.

We want to exclude all improper strategies from consideration and derive the common form of all other strategies.
Such a dichotomy is possible due to the known result in multi-criteria optimization [3, Theorem 3.5]. Letτ : Θ → R be
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a function, called the weight function, satisfyingτ(θ) ≥ 0 for everyθ ∈ Θ and
∑

θ∈Θ τ(θ) = 1. Let the set of such
functions be denoted byT .

Definition 4. The strategy
q(τ) = argmin

q∈Q

∑

θ∈Θ

τ(θ)R(q, θ)

is called Bayesian with respect to the weight functionτ . A strategyq is called Bayesian if a weight functionτ ∈ T exists
with respect to which the strategyq is Bayesian.

The concept of Bayesian strategies allows to partition the set of all strategies into the set of improper strategies and the
set of all other ones. This dichotomy is given by the following theorem, which states that every strategy is either Bayesian
or improper.

Theorem 1. For every strategyq0 ∈ Q, either a weight functionτ∗ ∈ T exists such that

q0 = argmin
q∈Q

∑

θ∈Θ

τ∗(θ)R(q, θ) (2)

or a strategyq∗ exists such that the inequality

R(q∗, θ) < R(q0, θ) (3)

holds for everyθ ∈ Θ. These two properties of strategies are incompatible.

Now it is obvious that any reasonable strategy for complex object recognition has to minimize the weighted sum of
risks

q∗ = argmin
q∈Q

∑

θ∈Θ

τ(θ)R(q, θ)

for some weightsτ(θ). Therefore, it has to make the decision of the type

y∗ = argmin
y′∈Y

∑

y∈Y

[

∑

θ∈Θ

τ(θ)p(x, y; θ)

]

w(y, y′) (4)

for observationx.

2 Minimax and nearly optimal strategies

We excluded from consideration all obviously bad strategies, which left us only with Bayesian strategies. Deciding
what particular strategy to choose from the set of all Bayesian strategies depends on the requirements on the strategy.
Perhaps, the most popular requirement is the so-called minimax requirement [4]. For given setsX , Y ,Θ and probabilities
p(x, y; θ), x ∈ X , y ∈ Y , θ ∈ Θ, the strategyq: Y ×X → R has to be found that minimizesc subject to the conditions

R(q, θ) ≤ c, θ ∈ Θ. (5)

In other words, the strategy
q∗ = argmin

q∈Q

max
θ∈Θ

R(q, θ) (6)

is called a minimax strategy. This strategy is clearly Bayesian and looks reasonable. Minimax strategies are fruitfully
used in the theory and practice of recognition without learning [2, 8]. However, the minimax requirement is not the only
possible meaningful one. In multi-criteria decision making [9] other reasonable requirement is used that differs fromthe
minimax one.

It is obvious that for any modelθ no strategy can have the risk lower thanmin
q∈Q

R(q, θ). The strategyq∗ with the risks

R(q∗, θ) = min
q∈Q

R(q, θ), θ ∈ Θ, will be called an optimal strategy. Let us define the strategythat aims to be as close to

the optimal strategy as possible in the following way. For given setsX , Y , Θ and probabilitiesp(x, y; θ), x ∈ X , y ∈ Y ,
θ ∈ Θ, the strategyq: Y ×X → R has to be found that minimizesc subject to the conditions

R(q, θ)−min
q∈Q

R(q, θ) ≤ c, θ ∈ Θ. (7)
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Definition 5. The strategy
q∗ = argmin

q∈Q

[

max
θ∈Θ

(

R(q, θ)−min
q∈Q

R(q, θ)
)]

(8)

is called a nearly optimal Bayesian strategy or simply a nearly optimal strategy.

The minimax approach (5) and the nearly optimal one (7) result in different strategies. If our task is only recognition
without learning, we have no means to decide which of these two approaches is better. However, the situation becomes
different when the approaches are applied to learning. Thenit turns out that minimax strategies are not suitable for
recognition learning at all. They simply ignore the learning sample. This defect is considered in details in the next section
and we show that nearly optimal strategies are free of this defect.

3 Generative learning as a special case of complex object recognition

As in the previous sections, we consider complex objects, defined by setsX , Y , Θ and probabilitiesp(x, y; θ), x ∈ X ,
y ∈ Y , θ ∈ Θ. Recognition learning arises if an additional informationz, called learning information, is available,
taking values from a given setZ. The learning informationz is random and depends on the modelθ ∈ Θ, so that the
probabilityp(z; θ) is defined for everyz ∈ Z andθ ∈ Θ. It is crucial that for a fixed modelθ, the learning informationz
depends neither on the current statey nor on the current signalx of the object under recognition, so thatp(z, x, y; θ) =
p(z; θ) p(x, y; θ). The learning procedure observes the learning informationz and constructs a recognition strategy.

In case of supervised learning, the learning informationz may be a sequence(x1, y1;x2, y2; . . . xn, yn), Z = (X ×
Y )n, and

p(z; θ) = p(x1, y1, x2, y2, . . . , xn, yn; θ) =
n
∏

i=1

p(xi, yi; θ).

Learning information may be a sequence(x1, x2, . . . xn), Z = Xn in case of unsupervised learning and

p(z; θ) = p(x1, x2, . . . , xn; θ) =
n
∏

i=1

p(xi; θ).

Definition 6. A learning procedureg: Z → Q is a function that for any learning informationz ∈ Z defines a recognition
strategyg(z) ∈ Q.

This means that after learning with a random informationz and observing a signalx, the decision ”the object is in statey′”
is made with probabilityg(z)(y′ |x). Recognition learning is defined as finding a learning procedureg: Z → Q from
given setsX , Y , Θ, Z and probabilitiesp(x, y; θ) andp(z; θ). Recall that complex object recognition without learning is
defined as finding a recognition strategyq: Y × X → R, q ∈ Q, from given setsX , Y , Θ and probabilitiesp(x, y; θ).
When treating the problems this way, one can see that recognition learning does not differ from recognition with no
learning. Indeed,finding the learning procedureg: Z → Q for given setsX , Y , Θ, Z and probabilitiesp(x, y; θ) and
p(z; θ) does not differ from finding the recognition strategyq′: Y × X ′ → R for given setsX ′, Y , Θ and probabilities
p′(x′, y; θ). The former is reduced to the latter by defining

X ′ = Z ×X,

p′(x′, y; θ) = p(z; θ) p(x, y; θ),

q′(y′ |x′) = q′(y′ |z, x) = g(z)(y′ |x).

Thus, the recognition learning is a special case of complex object recognition without learning. In this special case, the
data available for recognition consist of two parts. The first part (observed signal) depends both on the hidden object state
and on the unknown model. The second part (learning data) directly depends on the model and does not depend on the
state when the model is fixed.

Theorem 1, proved in the general form, remains valid for learning procedures. Then it has the following form. As
before,R(q, θ) is the risk of recognition strategyq ∈ Q with respect to modelθ ∈ Θ. The numberR(g(z), θ) is the risk of
the strategyg(z), obtained by applying learning procedureg: Z → Q to learning informationz ∈ Z. The riskR(g(z), θ)
is random because it depends on the random informationz. LetRG(g, θ) denote the expectation of the risk over the set
of all learning informations,

RG(g, θ) =
∑

z∈Z

p(z; θ)R(g(z), θ). (9)
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Definition 7. A learning procedureg∗ is called Bayesian if a weight functionτ : Θ → R exists such that

g∗ = argmin
g∈G

∑

θ∈Θ

τ(θ)RG(g, θ).

Now the restriction of Theorem 1 to learning procedures reads as follows.

Theorem 2. For every learning procedureg0 ∈ G, either a weight functionτ∗ ∈ T exists such that

g0 = argmin
g∈G

∑

θ∈Θ

τ∗(θ)RG(g, θ)

or a learning procedureg∗ exists such that for every modelθ ∈ Θ the inequality

RG(g
∗, θ) < R(g0, θ)

holds. These two properties of learning procedures are incompatible.

The theorem says that every learning procedure is either Bayesian or improper. In the special case when a sample
(x1, y1;x2, y2; . . . ;xn, yn) is a learning information and a signalx0 is observed, the decisiony∗ about the current object
state has to be

y∗ = argmin
y′∈Y

∑

y0∈Y

∑

θ∈Θ

τ(θ) ·
n
∏

i=0

p(xi, yi; θ) · w(y0, y′) (10)

for some weightsτ(θ), θ ∈ Θ. Strategies that are commonly used in pattern recognition are of other form. Most widely
known is the method based on maximum likelihood estimation [2, 8]. According to this method, the model

θML = argmax
θ∈Θ

n
∏

i=1

p(xi, yi; θ) (11)

is found and then for an observed signalx the decision

yML = argmin
y′∈Y

∑

y∈Y

p(x, y; θML) · w(y, y′) (12)

is made, as if the maximum likelihood model was identical to the true one. In general,the strategy (11, 12) differs
from (10) and thus it is improper in the exactly defined meaning of the word.

We restrict our further considerations to Bayesian learning procedures, focusing in particular on the minimax proce-
dure

gminmax = argmin
g∈G

max
θ∈Θ

RG(g, θ) (13)

and the nearly optimal procedure

gnearopt = argmin
g∈G

max
θ∈Θ

[

RG(g, θ)−min
q∈Q

R(q, θ)
]

. (14)

Both strategies belong to the Bayesian class and there is no reason to exclude them from recognition without learning.
However, minimax strategies have a fundamental drawback that they sometimes do not make use of a learning sample, no
matter how large. For a rather wide class of complex objects,the minimax learning procedure simply ignores the learning
sample.

Theorem 3. Let for setsX , Y , Θ and probabilitiesp(x, y; θ), x ∈ X , y ∈ Y , θ ∈ Θ, a modelθ∗ exist such that the
strategy

q∗ = argmin
q∈Q

R(q, θ∗) (15)

satisfies the inequality system
R(q∗, θ∗) ≥ R(q∗, θ), θ ∈ Θ. (16)

Then any setZ, any probabilitiesp(z; θ), z ∈ Z, θ ∈ Θ, and any learning procedureg: Z → Q satisfy the inequality

max
θ∈Θ

RG(g, θ) ≥ max
θ∈Θ

R(q∗, θ). (17)
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The theorem shows that there are complex objects for which the minimax approach is particularly inappropriate. Inequal-
ity (17) states that any learning procedure, however sophisticated, is useless from the minimax point of view. They cannot
yield a recognition strategy that would be better than some strategy that does not use the learning sample at all.

Theorem 3 is a strong negative result and makes minimax learning useless in most cases. As shown by the following
theorem similar to Theorem 3, nearly optimal learning procedures are also useless for a certain class of complex objects.

Theorem 4. Let for setsX , Y , Θ and probabilitiesp(x, y; θ), x ∈ X , y ∈ Y , θ ∈ Θ a modelθ∗ exists such that the
strategy

q∗ = argmin
q∈Q

[R(q, θ∗)−min
q∈Q

R(q, θ∗)] (18)

satisfies the inequality system

R(q∗, θ∗)−min
q∈Q

R(q, θ∗) ≥ R(q∗, θ)−min
q∈Q

R(q, θ), θ ∈ Θ. (19)

Then any setZ, any probabilitiesp(z; θ), z ∈ Z, θ ∈ Θ, and any learning procedureg: Z → Q satisfy the inequality

max
θ∈Θ

[RG(g, θ)−min
q∈Q

R(q, θ)] ≥ max
θ∈Θ

[R(q∗, θ)−min
q∈Q

R(q, θ)].

However, the consequences of this theorem for nearly optimal learning are not so destructive as those of Theorem 3
for minimax learning. In fact, conditions (18) and (19) imply that an optimal Bayesian strategy exists for the recognized
object, namely the strategyq∗. In this case, not only nearly optimal or minimax learning isuseless. Any other learning
approach is also useless because no recognition strategy can be better thanq∗.

Conditions (18, 19) fully characterize the set of models forwhich nearly optimal learning is useless. For any complex
model, either an optimal Bayesian strategy exists or a strategy obtained with nearly optimal learning converges to optimal
Bayesian strategy in the sense of the following theorem.

Theorem 5. Let the learning procedureg∗n: (X × Y )n → Q be defined by

g∗n = argmin
g∈G

max
θ∈Θ

[RG(g, θ)−min
q∈Q

R(q, θ)].

Then
lim
n→∞

max
θ∈Θ

[RG(g
∗

n, θ)−min
q∈Q

R(q, θ)] = 0. (20)

In such way the concept of nearly optimal learning formalizes our requirements on learning procedures. It embraces the
whole range of sample sizes, including the zero size. If the learning sample is long enough, the risksRG(g, θ) approach
the best possible risksminq∈Q R(q, θ). This property is shared by other commonly used learning procedures, such as
those based on maximal likelihood estimates. But besides that, we require that the difference betweenRG(g, θ) and
minq∈Q R(q, θ) is as small as possible for every, even a very small, size of the learning sample.

4 Examples

We compare the nearly optimal learning procedureg0 with the maximum likelihood learning procedureg1 and with an-
other learning procedureg2 (to be defined later) on several simplest examples. Nevertheless, according to the formal defi-
nition they are already complex but the nearly optimal Bayesian learning procedures for them can be implemented almost
exactly. Even for such simple complex objects, the minimax learning proceduresgminmax = argming maxθ RG(g, θ) are
inappropriate because they ignore the learning sample.

To use the technique with a continuous model setΘ, the set was discretized. In all the examples, we haveX = R,
Y = {1, 2}, and the probability density distributionp(x, y; θ) has the form

p(x, y; θ) = py · (
√
2π)−1 · e− 1

2
(x−µy)

2

with some unknown parameters specified later.
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Example 1. [6] Let µ1 = 1, µ2 = (−1), and only the a priori probabilitiespy, y ∈ {1, 2}, be unknown. Thus, the
set of models isΘ = {θ | 0 ≤ θ ≤ 1} and the a priori probabilitiespy of the states arep1 = θ, p2 = 1 − θ. This is the
example used by H.Robbins [5] to explain his idea of empirical Bayesian approach. We simplify the example even further
by assuming that the learning information is not a signal sample (x1, x2, . . . , xn) but a state sample(y1, y2, . . . , yn).

Figure 1 shows how the risksRG(g
1, θ) andRG(g

0, θ) depend on the modelθ for the sample sizesn = 1, 2, 4.

It is striking how high the riskRG(g
1, θ) is for some models. Of course, one cannot expect the risk to betoo low

because the learning samples are very small and thus they bring little information about the true model. Nevertheless,
however small the amount of information, it is non-zero and it should be used to improve subsequent recognition, at least
to some extent. But the example shows that it is much better toignore this information than to use it with maximum
likelihood learning. The example illustrates quite transparently the main drawback of maximum likelihood learning.

g g
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0 0.2 0.4 0.6 0.8 1 1.2

g1 g0

n = 1 n = 2

0

0.1

0.2

0.3

0.4

0.5

0 0.2 0.4 0.6 0.8 1 1.2

g1 g0

n = 4

Fig. 1. EXAMPLE 1. The dependency ofRG(g
0, θ) andRG(g

1, θ) on θ for sample sizes
n = 1, 2, 4. The solid curve shows riskminq∈Q R(q, θ).

Example 2.For the same complex object as in Example 1, let the learning information be a sequence(x1, x2, . . . , xn)
rather than(y1, y2, . . . , yn). This is exactly the case considered by H.Robbins [5]. The riskRG(g

0, θ) of nearly optimal
learning is compared with the riskRG(g

1, θ) of maximum likelihood learning. Even for this simple complex object, it is
not easy to find the maximum likelihood model

θ1 = argmax
θ∈Θ

n
∑

i=1

log
[

θ · e− 1

2
(xi−1)2 + (1− θ) · e− 1

2
(xi+1)2

]

.

Therefore, we also consider the heuristic procedure by H.Robbins, which is denoted byg2. The procedure is not based on

the maximum likelihood estimateθ1 but on the consistent estimateθ2 = 1
2n

n
∑

i=1

xi +
1
2 , which can be easily calculated.
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Figure 2 shows how the risksRG(g
0, θ),RG(g

1, θ) andRG(g
2, θ) depend on the modelθ for the sample sizesn = 1, 2, 4.
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Fig. 2.EXAMPLE 2. The dependency ofRG(g
0, θ), RG(g

1, θ), RG(g
2, θ) onθ for sample

sizesn = 1, 2, 4. The solid curve shows the riskminq∈Q R(q, θ).

Example 3. Here we have the same object as in the previous example but thelearning information is more com-
plicated. It is a sequence(x1, x2, . . . , xn) of signals generated by the object with unknown states. Thisis the case of
unsupervised learning [7]. Normally the so-called EM algorithms are used [1]. In this case, the maximum likelihood
estimate

θ1 = argmax
θ∈Θ

n
∑

i=1

log
[

e−
1

2
x2

i + e−
1

2
(xi−θ)2

]

is not easy to find. Therefore, besides the maximum likelihood estimate we also consider the consistent estimateθ2 =

2
n

n
∑

i=1

xi along with the corresponding learning procedureg2. Figure 3 shows how the risksRG(g
0, θ), RG(g

1, θ),

RG(g
2, θ) depend on the modelθ for the sample sizesn = 1, 2, 4. One can see that neither of the maximal likelihood

procedureg1 and the heuristic procedureg2 dominates the other. However, the nearly optimal procedureg0 dominates
bothg1 andg2, especially for small sample sizes. We have not observed anysignificant difference between the compared
procedures for the learning sample sizes larger than 10.

A case of an empty learning sample(n = 0) is of a particular interest. In this case the maximum-likelihood learning
problem cannot be even formulated because any model estimate is meaningless when empirical data are absent. The
minimax requirement to recognition strategy may be formally stated but it may result in a strategy that makes wrong
decision with probability 0.5 for each true model. As for nearly optimal requirement, it can be formulated for this case too
and results in a quite reasonable strategy. Figure 3 shows how the riskRG(g

0, θ) depends onθ when the learning sample
is absent at all.
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Fig. 3. EXAMPLE 3. Dependency of the risksRG(g
0, θ), RG(g

1, θ), RG(g
2, θ) on the

modelθ for sample sizesn = 0, 1, 2, 4. The solid curve shows the riskminq∈Q R(q, θ).
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