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Abstract. A method is proposed for decision a problem of formal structurally-parametric identification the individual
multifactor estimation models within the framework of a decision making theory, which is based on the use of ideas of
comparative identification theory. The model of multifactor edtimation invariant to the dimension of factors,
characterizing alternatives in the class of Kolmogorov-Gabor polynomials is synthesized. The methods of comparative
parametric and structurally-parametric identification of a estimation models are developed on the basis of qualitative
expert information about the relative preference of alternatives. The number of the applied problems is solving,
particularly, identification of consumer marketing preferences, ordinal classification, social group behavioral
management, quality estimation.
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1 Introduction

The intellectua procedure of a decision-making can be presented as a sequence of the next basic stages. the formation
of a set of aternative decisions (ways of attainment of the objective); the estimation of the "quality" of possible
decisions; the choice of the "best" decision. Thus, estimation is among the most important stages and the formalization
of thisintellectual procedure isthe conceptual problem of synthesizing amodel of the individual decision-maker's (DM)
choice.

Estimates of alternative decisions formed by an individual are subjective, and they cannot be measured directly by
any physical devices. In such cases, classical methods of direct identification of an estimation model are inapplicable.
Alternative methods of indirect identification, for example, the comparative identification method [1] can be used.

2 Problem Statement

Let there be a set of alternatives (decisions) X ={ x;,X,,....X,, } €ach of which is characterized by a collection of
partia criteria (characteristics) ki(X; ), i =1n, j =1,m, whose values are uniquely defined. Based on the analysis of
thisinformation, an individual can

1) choose the most preferable decision, for example, x, from X;

2) rank all the decisions X; T X, =1m,in decreasing (increasing) order of their preferability, i.e., to establish a
strict (nonstrict) order relation, for example, x; (3 )x, T(3 )KTF(3)x
example, x, T(3 )x, ~ x3 FCC)KT(3)x,.

or a partial linear order relation, for

m
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This means that, according to utility theory [2] postulating the existence of some scalar quantitative estimate
(function) of preferability of any alternative X; T X, j=1m, we can write

P(x)>(C)P(x), "j*t, j=1m, (1)
for the firgt situation and, accordingly,

P(x)> (3 )P(%z)> (3 )K> (3 )P(Xp)
or

P(x)> (3 )P(% )= P(X3)>(* )K>(*)P(Xpy ), )

for the second situation, where P(x; ) isan unknown scalar individual estimate of the utility of an alternative. Based
on this information, it is necessary to synthesize a mathematical model of the individual DM's choice, i.e., a model of
formation of the generalized utility P(x; ).

The problem of synthesis of any mathematical model is connected with the solution of two problems, namely, the
structural problem of definition of the form of the operator P and the parametric problem of definition of quantitative
values of the model. The solution of the first problem is mostly based on the advancement of some hypothesis and
postulation of the form of the model structure at the axiomatic level.

At the present time, two axiomatic forms of utility functions are used in utility theory, namely, the additive and
multiplicative functions.

Of great theoretical and practica interest is the solution of the general problem of structurally-parametric
identification of an individual estimation model under wider restrictive assumptions on the structure of the model.

To this end, we propose to use a fragments of a Kolmogorov-Gabor polynomias as a class of possible structures of
the model. This polynomial iswritten as

n n n n n n
P(x;)=a,+Q ak™M(x; )+ Q & agk™ (X kN (x)+Q & A aig k™ O kN (% kN (%) +...
i=1 i=1 g=1 i=1g=1r=1
where a; arerelative dimensionless weight coefficients for which the following constraints are satisfied:

V
[*]

Ofa; £1, g a; =1,
j=1

and kiN(xj ) are normalized (i.e., reduced to an isomorphic form) partia criteria. These criteria are normalized by the
formula[3]

‘ée‘i(xj )- kiW(Xj)Q

g €)
CkP(x;)- k(%) 5

kN (x;)=

where k;(X; ) isthevalue of apartia criterion and kib(xj ) and ki‘”(xj ) are, respectively, the best and worst values

of the partial criterion that are assumed by it in the domain of its admissible values x; T X,j=1m.

For a solve the general problem of structurally-parametric identification can be using elements of the GMDH [4]
and genetic agorithms.

The choice of this polynomial is substantiated by the fact that it contains standard additive and multiplicative model s
as specia cases and also alows one, if necessary, to take into account nonlinear terms of higher orders and al their
possible combinations.
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3 Estimation of Adequacy of a Multifactor Estimation Model

The specificity of the structurally-parametric identification problem being considered is that it is a Hadamard-incorrect
problem since the systems of inequalities (1) and (2) specify some domain of admissible values and information is
absent that alows one to generate a criterion for the choice of the uniquely best solution. Thus, as a criterion for the
choice of a variant model, the number of satisfied inequalities (1) and (2) can be used. This meansthat any solution that
is obtained during the sequential complication of the model and satisfies the system of inequalitiesis assumed to be the
sought-for model.

Thetotal amount of inequalities (1) and (2) is determined by the cardinality of theinitial set of solutionsin which an
alternative preferable for the DM is chosen. If this set is sufficiently large, some number of inequalities can be selected
from inequalities (1) and (2) as an external addition (a test set). In this case, the argumentativeness of the choice of a
multifactor estimation model increases. However, even in this situation, it is impossible to quantitatively estimate the
quality of the model being synthesized.

To analyze the constructibility of the synthesis method being considered in more detail and to determine quantitative
estimates of quality of the obtained moded, it is proposed to estimate it using a "quasiobjective’ test choice situation
playing therole of an independent external supplement.

To this end, a collection of alternatives X ={ x,%,,...,X,,} S specified. Each of them is characterized by a tuple of
partial characteristics K(X; ):<ki(xj )>, i=1n, j=1m, that are specified in the form of exact numerical values.
Moreover, the structure of a reference estimation model is specified and numerical values of its parameters (weight
coefficients a,) are assigned. Thus, the choice Situation and structurally-parametric characteristics of the reference

choice model are completely and unlquely specified. Based on these data, reference values of multifactor estimates of
utility of all alternatives PE (%), ] =1m, ae computed and an dternative x, with the maximal value of reference

utility, i.e, x, =arg max PE (%), ] =1,m, isdetermined. This alternative is considered asthe DM's choice. A system
Xl X

of inequalities similar to system (1) is formulated for it, then the comparative structurally-parametric identification
problem is solved, and, as aresult, the structure and parameters of the sought-for model are determined. For this model,

the values of model utility of all alternatives P™ (%), ] =1m, aeadso computed. The quality of the identified model

is estimated by the comparison with the following criteria of the reference modd:

the degree of coincidence of structures (of polynomials);

the average quadratic estimate of the difference between the values of the utility function of alternatives of the
form

%a PM(x,)- PE(x,)[; (4

the degree of coincidence between the reference and computational order relations over the test sequence of
alternatives.

Asthe criterion of the correspondence between the reference order and the order of alternatives that is determined as
aresult of modeling the succession of alternatives according to their preference, it is proposed to use the coefficient of
the Spearman rank correlation

m
6 (R - R )

—q. %
T ©

where RjE and RjM are the ranks (positions) of reference and mode alternatives in the established order relation and

m isthe number of the alternatives being analyzed.
In the statement described, the comparative structurally-parametric identification problem can be solved by various
methods. However, the common distinctive feature of all of them is the necessity of realization of the following

sequence of procedures:
formation of the modd structure;
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determination of quantitative values of its parameters;
estimation of the quality of the modd.

The modd structure can be formed using, for example, the method of sequential complication, GMDH, or genetic
algorithms.

To solve the problem of parametric identification of an estimation model, one can use one of comparative
identification methods (for example, by the definition of the Chebyshev point), random search methods, or genetic
algorithms.

Various compositions of algorithms of the first and second stages can be used that differ in accuracy, computational
complexity, and universality. To develop estimates of quality and universality of methods, they should be investigated.
Algorithms implementing elements of GMDH are synthesized and investigated below with the help of computing
experiments.

4 Solution of the Problem of Structurally-Parametric Identification of a Utility
Function, Using Elements of GMDH

The GMDH is based on the partitioning of a set of variablesinto combinatory groups (that mostly consist of pairs). For
each group, the simplest polynomial (the model structure) is formed and the problem of parametric identification is
solved for it on the basis of an experimental sample. This problem can be solved by approximation of experimental data
on numerical values of the input and output of the object being investigated by the least squares method. The parametric
identification problem is solved for each local group model on the basis an experimenta training sequence, and then its
quality is determined from a test sequence with respect to a given criterion [4]. On this basis, a prescribed number of
best quality models of the first level are selected that are again grouped and polynomials similar to those of the first
level are constructed for them. The procedure is repeated until apolynomia of optimal complexity [4] is obtained.

Let us consider the distinctive features of using the GMDH for the solution of the problem of identification of a
multifactor estimation model, taking into account that the model output (the utility of an aternative) cannot be
quantitatively measured.

For example, let four partiad criteria kiN(xj) , i=1,4, be given. We compose al non-recurring paired
combinations (groups) of partid criterions (kg (X} ),k (X)) (K (%) Kkg (%) (K (% ).K4 (%))
(k' O ) ka' ()3 (K3 O ), ka (O )5 (k3! (% ). ka' (%)), j=1m.

We determine the optimal model in the class of truncated Kolmogorov-Gabor polynomials after eiminating the free
term from it and restricting ourselves only to linear and quadratic terms (squares and paired combinations of
variables). The introduced constraint on the complexity of a polynomial is based on the fact that, after normalization by

formula (3), al partia characteristics assume values 0 £ kiN(xj )E£1. Theraising of such numbers to a power larger

than two or the product of several (more than two) of such numbers leads to a fast decrease in values. Moreover, each
term of the polynomial is multiplied by a coefficient O£ a, £1. Based on the fact that the computation of utility of

adternatives P(x; ) and weight coefficients a; with an accuracy higher than the second decimal place is inexpedient,

one can draw the conclusion that the terms whose degree is more than two can be eliminated from a Kol mogorov-Gabor
polynomial. We assume that partia polynomias are functions of the form

Yi(X; ):allklN(Xj )+alzk2N(Xj )"'alsklN(Xj )kzN(Xj )
Yo(X; )2321k1N(Xj )"‘azzksl.\l(xj )+az3k1N(Xj )ksl,\l(xj ), j=1m, (6)

YG(Xj ):aelk;!,\l(xj )+362k£'1\l(xj )+363k2;\l(xj )k‘ll\l(xj ).

For each of six polynomials of the system of equations (6), the numerical values of weight coefficients a, ,

p=16, q=13, are determined by the comparative identification method. To solve this problem, we use the
procedure that is proposed in [5] and is based on genetic algorithms.
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Based on the computed values of weight coefficients and using criteria (4) and (5), we rank the polynomials of the
first level from polynomials (6) according to their quality. We exclude the polynomialsthat do not satisfy conditions (1)
from further consideration. If such polynomials are absent, we diminate the worst two polynomials, repeat the
operation of paired grouping over the remained four polynomials, and obtain (Y;(X;),Ya(X;)); (Yi(X;),Ya(X;)); -

(Y305 ), Ya(x; ) -

For each pair, we form a polynomial of the second level of the form

Zy(Xj ) = aVa( X)) + @Yo ( X ) + agi( X )Ya( X ),
Z,(%;) = (X )+ anYa(X; )+ anVi( X )Ya(X; ), j =1m,

Zg(X;j ) = ag1Y3( Xj ) +agYa( X )+ agsYa( %) )Ya(X; )

and perform parametric comparative i dentification.

The procedure is repeated until we obtain the model that provides the order relation that is "most coincident” with
the reference relation on the set of alternatives. Thismode isassumed to be the model of optimal complexity.

5 Conclusions

The development of methods for synthesis of models of intelligent activity, in particular, multifactor estimation models
that are not based on a subjective expert estimation is of great theoretical and practical importance for multi-objective
optimization theory, multidimensional classification, quality estimation, etc. From this viewpoint, the development of
"objective" methods of identification is promising. One of them is the method of comparative structurally-parametric
identification of multifactor estimation models.

The GMDH ideas used in this work have allowed us to methodologically correctly solve the most complicated
problem of generation of the structure of a model with rather small computing expenditures.

The results of numerical modeling substantiate the efficiency of using the GMDH together with other evolutionary
methods for solution of the problem of comparative structurally-parametric identification of complicated nonlinear
multifactor estimation models.
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