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Abstract.     The problem of construction and analytical investigation of criterion of nonlinear discriminant functions 
quality under conditions of unequal covariance matrixes is formulated. The existence of optimum set of features is 
proved. Conditions of reduction (simplification) of discriminant function which is optimal by structure of features are 
revealed. It is obtained that this conditions depend on volumes samples and parameters of general sets, i.e. on 
mathematical expectations and covariance matrices of features for two classes.  
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1 Introduction  
 
The problem of construction of a discriminant function under conditions of structural uncertainty in terms of quantity 
and structure of features is one of objects of researches in a Group Method of Data Handling (GMDH) [1, 2]. As it is 
known, in GMDH the comparison of quality of models is based on partition of the initial data sample on learning and 
checking parts: on the learning sample the coefficients of model are estimated, and on checking the quality of model is 
estimated. This way is popular in applied tasks of the discriminant analysis. Existence of optimum set of features in this 
way is repeatedly confirmed with a method of statistical tests, but its analytical substantiation is received only 
in GMDH for a class of linear discriminant functions [1, 2].  

However, in tasks of statistical classification the assumption of the linear discriminant analysis of equality 
covariance matrixes of two classes of observations frequently is not carried out. For example, in technical diagnostics 
usually consider two classes of states which essentially differ from each other. This distinction is shown not only in an 
inequality of population means of features, but also in an inequality covariance matrixes of classes, i.e. in distinction of 
dispersions of features and statistical connections between features in classes.  

Because construction and analytical investigation of criterion of nonlinear discriminant functions quality under 
conditions of unequal covariance matrixes is actual task.  
 

2 Statement of the Problem  
 
Suppose that  

 ] ,  , , [  21 kknkkk xxxX …=  (1) 

is a sample of kn  independent observations of m -dimensional random vector kη  with a m - dimensional normal 

distribution with unknown mathematical expectation kχ  and unknown non-singular symmetric covariance matrix XΣ :  

 ),(~ Xkmk N Σχη , (2) 

Group Method of Data Handling, criterion of nonlinear 
discriminant functions quality, optimal set of features.  
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where k  is number I  or II  of general set IP , IIP , and III χχ ≠ .  

By the assumption (2) for the observations (1) it is carried out  
 kkikki niIIIk ,...,2,1,,, ==+= ξχX , (3) 

where ),(~ Xmmki N Σ0ξ  are independent random vectors distributed according to m-dimensional normal law with 

zero mathematical expectation and unknown covariance matrix XΣ :  

 ;,;,...,2,1;}{;}{ T IIIkniEE kXkikimki ==== Σξξ0ξ  (4) 

 ;;,...,2,1,;}{ 2121)(
T

21
iiniiE kmmkiki ≠== ×Oξξ  (5) 

 kmmIIiIi niiE ,...,2,1,;}{ 21)(
T

21
== ×Oξξ , (6) 

where m0  is an m -dimensional zero column vector and )( mm×O  is an mm ×  zero matrix, }{⋅E  is a symbol of 

mathematical expectation.  
Suppose that the a priori probabilities of appearance of a new observations in the general set IP  and IIP  are 

known and equal respectively to Iπ  and IIπ , with 1=+ III ππ . Suppose that costs of erroneous classification has been 

introduced: )/( IIIc  denotes the cost of erroneous classification of an observation IIP  as an observation in IP , while 

)/( IIIc  denotes the cost of erroneous classification of an observation in IP  as an observation in IIP . A correct 

classification is not estimated.  
The linear discriminant function minimizing, under specified assumptions, the expected expenditures due to 

erroneous classification has the form  

 0
TT ln)(5,0)( сR III −+−= δχχδxx , (7) 

where parameter 0с  is determined by costs of erroneous classifications and a prior probabilities of appear observations  

 1
0 ))/(()/( −ππ= III IIIcIIIcс , (8) 

and coefficients of discriminant function δ  is determined by parameters of general sets  

 )( III
1 χχΣδ −= −

X . (9) 

Decision rule has form: if 0)( * ≥xR  is satisfied, then IP∈*x  is valid, and if 0)( * <xR , then IIP∈*x .  

The obtaining of estimates from sample observations (1)–(3) of the coefficient δ  in the discriminant function (7) 
with statistical analysis is a problem of discriminant analysis in the narrow sense.  

Fisher’s estimates of δ  is  

 ),( II
~

I
~

1
^

xxSd −= −  (10) 

where s-dimensional column vectors I
~
x  and II

~
x  are estimates of the mathematical expectation Iχ  и IIχ :  

 ;)(,)(
III
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II
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i
i nn XxXx  (11)  

the mm ×  matrix S  is an unbiased estimate of the covariance matrix Σ :  

 ],[)2( T
IIII

T
II

1
III xxxxS +−+= −nn  (12) 

where Inm ×  and IInm ×  matrix Ix and IIx  consist of variances observations (1) from estimates I

~
x  and II

~
x :  

 ],...,,[ I

~

nI,I

~

I,2I

~

I,1I I
xXxXxXx −−−= , (13) 

 ],...,,[ II

~

nII,II

~

II,2II

~

II,1II II
xXxXxXx −−−= . (14) 

Fisher’s estimate (10) is a solution of the maximum determination problem of functional )(dΦ :  

 
ddSd

dxxxxdd max
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with a restriction  

 .1
)(

T

T
II

~

I

~

=−
dSd

dxx
 (16) 
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The value of the functional (15) under optimal value )( II
~

I
~

1
^

xxSd −= −   

 )()( II

~

I

~
1T

II

~

I

~
2 xxSxx −−= −D  (17) 

is sample estimate of the Mahalanobis distance  

 )()(τ III
1T

III
2 χχΣχχ −−= −
X . (18) 

For mathematical expectation 2D  it is carried out  

 ,
1

}{ 122 −+τ
−−

= cm
mr

r
DE X  (19) 

where 2III −+= nnr ; )( 1
II

1
I

1 −−− += nnc .  

If we don’t know in advance just which components in the set X should be included in the discriminant function, 
we speak of the problem of discriminant analysis in the wide sense. It is known that estimate for Mahalanobis distance 
(18) cannot be used for solving the problem of discriminant analysis, stated in a wide sense, since this estimate 
increases on addition of new components to discriminant function (into decision rule). In this case setting of “threshold” 
for the value of increment of estimate of the Mahalanobis distance (18) on addition of a new component into the 
discriminant function is prevailing method. However such setting inserts subjectivity into the obtained solution.  
 

3 Criterion of Discrimination Function Quality under Conditions Unequal 
Covariance Matrix with Dividing Observations in to Learning and Checking 
Samples  
 
Let’s the task of discriminant analysis with unequal covariance matrix is stated in the broad sense. The statement this 
task coincide with statement task of the linear discriminant analysis (1)–(19) under conditions of structural uncertainty 
in terms of quantity and structure of features but instead common covariance matrix XΣ  we have two different 

matrices )(IXΣ  and )(IIXΣ . Decision rule in this task has form [3]:  

 −−−= − ))()(())((
2
1

)(
~

*1T
~

** IIIh xxSxxx +−− − ))()(())((
2
1 ~

*1T
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* IIIIII xxSxx   
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
+

S
S

, (20) 

if 0)( * <xh  is satisfied, then IP∈*x  is valid,  

if 0)( * >xR  is satisfied, then IIP∈*x  is valid.  

In (20) *x  is analyzed observations; vectors )(
~

Ix  and )(
~

IIx  are estimations (11) of mathematical expectation 

)(Iχ  and )(IIχ ; matrices )(IS  and )(IIS  are covariance matrices )(IXΣ  and )(IIXΣ :  

 )]()([)1)(()( T1 IIInI xxS −−= ,   )]()([)1)(()( T1 IIIIIInII xxS −−= , (21) 

where )(Ix  and )(IIx  are )(Inm × - and )(IInm × -matrices calculated by (13)–(14).  

Besides comparison scheme the solution of this task requires to choose the set features generation method. Suppose 
that as such method is chosen the complete sorting-out of all possible combinations of features. Suppose that at the s -th 
step ),...,2,1( mss =  of complete sorting-out of all possible sets of features only s  components from the set X  

(which constitute the current set V  being analyzed) can be included in the discriminant function. In the following are 
supposed IV  a )(Ins ×  matrix of observations in set )(IP , IIV  a )(IIns ×  matrix of observations in set )(IIP , )(Iν  

a s -dimensional column vector of the mathematical expectations of the observations in )(IP , )(IIν  a s -dimensional 

column vector of the mathematical expectations of the observations in )(IIP , ),( VIS  a covariance ss ×  matrix of the 

observations in )(IP  and ),( VIIS  a covariance ss ×  matrix of the observations in )(IIP .  

Let realize scheme of calculation of classification numbers with partition of the initial data sample on learning and 
checking subsamples. Let use the estimates of mathematical expectation and covariance matrices which are obtain on 
learning subsamples A  for calculation of classification numbers in space of features V  for observations from checking 
subsamples B of first and second classes by (20):  

 −−−== − ))()()(,())()((
2
1

))((),(
~

1T
~

IkVIIkkhVkh AiBAAiBiBiB vvSvvv   
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Let calculate average of this classification numbers for first and second classes and investigated a difference  

 ),(),()( VIhVIIhVD BBBA

−−
−=  (23) 

as criterion of discriminant function quality.  
In accordance with principles of modeling MGDH, to prove the adequacy of a criterion it is necessary: 1) to 

calculate mathematical expectation of researched criterion for given model structure; 2) to research behavior of the 
mathematical expectation of this criterion depending on structure of models; 3) to prove existence of model of optimum 
complexity; 4) to obtain of the reduction (simplification) condition for the optimum complexity model.  

For random variable )(VDBA  it is carry out  

 =−=
−−

)},(),({ })({ VIhVIIhEVDE BBBA   

 +τ+τ= )(),()(),( 22 IIsIIlIsIl VAVA   

 −++ −− )]()([tr),()]()([tr),( 11 IIIsIIlIIIsIl AA ΣΣΣΣ ssIIlssIl AA ),(),( − , (24) 

where  

 ))()()(())()(()( 1T2 IIIIIIII VV ννΣνν −−=τ −   (25) 

is the Mahalanobis distance which must be between general sets )(IP  and )(IIP  in space of features V  if 

)()( III VV ΣΣ = ;  

 ))()()(())()(()( 1T2 IIIIIIIIII VV ννΣνν −−=τ −  (26) 

is the Mahalanobis distance which must be between general sets )(IP  and )(IIP  in space of features V  if 

)()( III VV ΣΣ = ;  
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In paper dependence of a mathematical expectation (24) from structure of set of features V  is investigated. It is shown, 
that as against a linear case in the given nonlinear case features at which a dispersion strongly enough differ in the first 
and second classes, should be included in discriminant function even if they do not differ on a mathematical expectation 
and are statistically independent.  
 
 

4 Conclusion  
 
The problem of construction and analytical investigation of criterion of nonlinear discriminant functions quality under 
conditions of unequal covariance matrixes is formulated. Such criterion is constructed. The existence of optimum set of 
features is proved. Conditions of reduction (simplification) of discriminant function which is optimal by structure of 
features are revealed. It is obtained that this conditions depend on volumes samples and parameters of general sets, i.e. 
on mathematical expectations and covariance matrices of features for two classes.  
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